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Trajectory Optimization for Air-to-Surface Missiles
with Imaging Radars
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The use of trajectory optimization techniques is presented for the terminal guidance of an air-to-surface missile
using a Doppler beam sharpening (DBS) radar seeker. The terminal guidance problem is characterized by a
stealthy terrain-following phase that is followed by a climb and dive onto the target (a “bunt” trajectory). The
imaging properties of DBS radars impose additional azimuth plane constraints on the trajectory that have to
be incorporated into the optimization process. The various mission phases are interrelated, and the performance
objectives come into conflict with the hardware constraints. The trajectory optimizer is used to generate offline
open-loop controls that satisfy the various mission requirements. Numerical examples are used to illustrate the

method and its efficacy.
Nomenclature
Ay Apys A = body axis accelerationsachieved, ms—2
Ay Amza = yaw and pitch acceleration demands,
respectively, ms™2
a = tuning parameter for imaging
state constraint
ay, ay, a = coefficients for air density polynomial
Cqo = zero incidence drag coefficient
fps fpas fos = Doppler shifts, Hz
f@ = function for Doppler beam sharpening
imaging constraint
g = accelerationdue to gravity, ms >
i,j,k = space orientated unit vectors
J = performance index
m = mass of missile, kg
N = number of discretizationintervals
D, q,r = roll, pitch, and yaw rates, degs™'
R = rangeto go, m
R = unit vector along sightline axis
R, = buntrange, m
Rexp = downrange coordinate at which missile
crosses exposure height, m
Ry, Ry, R;- = downrange, crossrange, and altitude,

respectively, m

R, (T), R,,(T), = finalposition calculated by optimizer, m

R.)'Z(T)

R, (ty), R,,(t;), = targetcoordinates,m

R;:(tf)

S = reference area, m?

T = final time calculated by optimizer, s

T; = incidencelag, s

Tinax = maximum thrust, N

t, = time at which missile becomes exposed, s
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Texps 1, I = exposure time, current time, and final time,
respectively, s

14 = total speed, ms™!

Vier Viys Viz space frame components
of the velocity vector, ms™

v = velocity vector

Xa,Ys,Zy = sightline frame

X5, Ys, Zg = body frame

X, Y, 7, = missile inertial frame

X, Ys, Zg = Earth-fixed frame

X, v,z = target offset in downrange, crossrange,
and altitude, respectively, m

o, B = angles of incidence and sideslip,
respectively, deg

r = impactangle, deg

Y, X = flight-path and heading angle,
respectively, deg

A = crossrangeresolution, m

3f = Doppler difference, Hz

&t = seeker coherent integration period, s

0,y = pitch and yaw angles, deg

A = angle between target sightline
and velocity vector in elevation, deg

A = wavelength, m

Ays Az = sightline angles in azimuth

and elevation, respectively, deg
) = angle between target sightline
and velocity vector in azimuth, deg
= air density,kg m~?
= scaling parameter used in cost function

® = azimuth and elevation look angles,
respectively, deg
= total angle between velocity
and sightline, deg
o, ¢ = bandwidth, rad s~!, and damping

ratio of autopilot

I. Introduction

HIS paper considers the use of trajectory optimization tech-

niques for the terminal guidance control of a five-degree-of-
freedom (5-DOF) air-to-surfacemissile with a radarimaging seeker.
The terminal guidance phase will typically involve the last minute
of flight, at about 15-km range, and will require the accurate deter-
mination of the target location and information about the optimal
approach route to the target. A seeker will be used in conjunction
with global positioningsystem (GPS) updatesto determine the target



FAROOQ AND LIMEBEER 877

location. The seeker uses a high-resolutionradar image to identify
targets at ranges of 10-15 km. High resolutionin downrange can be
achievedusing a narrow transmitted pulse, or by pulse compression
techniques, and Doppler beam sharpening (DBS) processing can be
used to achieve high crossrangeresolution. This technique requires
an angular offset between the velocity vector and the sightline vec-
tor in azimuth and usually gives rise to large crossrange offsets that
impose constraints on the trajectory optimization problem. In ad-
dition to the imaging requirements, the missile is required to fly at
low altitudes to avoid exposure to air defense systems. The stealthy
approach is followed by a climb and dive (bunt maneuver). This
maneuver is used to image the ground area and to achieve a pre-
specified impact angle. Impact and incidence angle constraints are
used to maximize the effectivenessof direction sensitive warheads.
Optimizationin the final phase of flight is of paramountimportance
because it is necessary to balance the requirements associated with
evading air defenses, satisfying terminal constraints and respecting
the missile dynamics. Conventional methods of guidance such as
proportional navigation (PN) have limitations in shaping a trajec-
tory in highly constrained scenarios of this nature.

A. Previous Research

A lot of work has been done on the trajectory optimization of
airborne vehicles. Bunt trajectories that make use of linear optimal
control for terminal guidance have been reported in Ref. 1, where
analytic means are used to determine a state feedback control law.
In Ref. 2, linear quadratic techniques are used to achieve a terminal
angle constraint for reentry vehicles. Both of these papers deal with
the control constraints indirectly via terms in the cost function. An
estimate of the time-to-gois needed to compute the feedback gains.
There are several advantages of control laws that are derived from
linear models: 1) They are in a state feedback form, 2) they can be
designedto be robust,® and 3) they are easy to implement. In Ref. 4,
the minimum principleis used, along with geometricconsiderations,
to obtain an analytic solution for an air-to-surface missile guidance
problem with an impact angle requirement. A point mass missile
model and a first-order lag autopilot with control constraints are
used. The optimal switching instants are determined numerically.

Nonlinear optimal control algorithms in conjunction with point
mass modelsare used in Refs. 5 and 6 to study air-to-airscenarios.In
Ref. 5, atrajectory synthesis problemis studied for an air-to-airmis-
sile with poststall maneuvering. A receding horizon strategy is used
to generate a feedback mechanism. In Ref. 6 open-loop solutions
are generated for the range maximization of an air-to-air missile
with a fixed final time. The companion paper’ uses a neighboring
optimal control scheme to provide a feedback layer for closed-loop
guidance, and a PN law is used in the terminal phase of flight. Tra-
jectory planning with terrain following for aircraft and helicopters
is reported in Refs. 8 and 9. An inverse dynamics approach is em-
ployed in Ref. 8 to solve a flight-time minimization problem with
endpointand terrain clearance constraints. The resulting control law
is then implemented using nonlinear predictive control.!®

A more recent approach, which is driven by the continued in-
creases in processor speeds, generates the guidance commands by
repeatedly solvinga real-time optimizationproblem. This approach,
in conjunctionwith a point mass model, is also consideredin Ref. 11
for aircraft range maximization. Singular perturbation techniques
are used to reduce the computational burden. Other papers'>!
adaptoptimal control algorithmsto meet real-time guidancerequire-
ments. In Ref. 12 collocationis proposed and tested on a number of
aerospace examples. In Ref. 13, multiple shooting, direct shooting,
and collocation for spacecraft closed-loop guidance are compared
in terms of reliability and flight processor requirements. Following
Ref. 13, a guidance algorithm based on shooting and nonlinear pro-
gramming is presentedin Ref. 14 for an advancedlaunch system. In
Ref. 15 differential inclusions are used to solve an online minimum
time to the climb aircraft problem using an adaptive node refine-
ment strategy. The nodes are densely placed in the vicinity of the
current point and sparsely distributed over the rest of the horizon;
the rationale is that the optimal control sequence should be based
on local behavior. Simulations were then carried out to compare the
online solution with a more accurate offline solution.

Online approaches have the advantage of being autonomous and
are lessrelianton extensive preflight analysis. If the terminal bound-
ary conditionsare modified substantially,or disturbancescause large
deviations from a nominal preflight trajectory, these methods be-
come even more attractive. Linear approximations for trajectory
tracking are not needed, and mission flexibility may be enhanced.
This adaptive guidance capability may be particularly important in
the context of missile control problems, where uncertainties in tar-
get position and aerodynamicdata, as well as new mission data, call
for the repeated regeneration of trajectory profiles.

B. Current Research

Trajectory optimization studies for a simple missile autopilot/
airframe model are presented. Our terminal guidance problem is
characterized by pathwise state constraints (representing in-flight
constraints), terminal equality constraints, control bounds, and a
free final time. Numerical means are used to determine open-loop
optimal trajectories. These open-loopoptimal trajectories are useful
as a benchmark for design purposes and can potentially be used as
part of a closed-loop implementation.

A 5-DOF modelthatisdescribedin Sec. [T will beused in conjunc-
tion with a quadratic autopilot/airframe representation for the pitch
and yaw freedoms. The calculation of optimal trajectories for the
terminal guidance problemis essentially a nonlinearconstrainedop-
timization problem for which a multitude of techniques can be used.
These range from the conventional (gradient and shooting methods)
to more recent optimization algorithms. Obvious difficulties arise
from conflicts between some of the objectives and constraints in
the optimal control problem formulation of the terminal guidance
problem. The model is given as a set of dynamic equations, and an
objectivefunctionis minimized subjectto pathwise state constraints,
control bounds, and terminal trajectory constraints.

An optimization toolbox based on the algorithms described in
Refs. 16-19 is used. The toolbox consists of a FORTRAN imple-
mentation of a sequential quadratic programming algorithm, specif-
ically tailored to solve optimal control problems with state con-
straints. The optimization algorithm is coupled to an adaptive step
size integration scheme for differential-algebraicsystems. Conver-
gence analysis and comparisons with other optimization packages
on some sample optimal control problems may be found in Ref. 19.
In the current problem, the physical limits likely to be encountered,
such as look angle, g-capability, and incidence constraints, are dealt
with naturally by this optimal control method. They are essentially
state and control constraints. The controlinputs to the system are the
pitch and yaw accelerationdemands. When a discretizationscheme
and an appropriate parameterizationof the controls are invoked, tra-
jectories that satisfy both the bunt and imaging requirementscan be
generated. The trajectories calculated for each test case will satisfy
the necessary conditions for optimality,but they may notcorrespond
to a global minimum. It turns out that there are multiple minima,
and guaranteeing a global minimum is complex, computationally
demanding, and possibly unnecessary. The extent to which the ob-
jectivesare balanceddependscritically on the scaling factorsused in
the problem. A description of the way in which the terminal guid-
ance requirements are formulated and the scaling factors used is
given in Sec. III. Section IV presents the results for two test cases
with varying impact angle requirements, and some conclusions are
drawn in Sec. V.

C. Terminal Guidance Problem and Method of Solution

The central requirements of the terminal guidance problem are
to minimize both the miss distance and the exposure time to air
defense systems. For direction sensitive warheads, a requirement
in the elevation plane is the ability to hit the target at a specified
impact angle. (This is measured from a vertical reference.) The
ideal case corresponds to a zero impact angle and is commonly re-
ferred to as a “vertical” impact. The impact angle requirement is
scenario dependent and, in the case of soft targets, may be relaxed.
In many cases, the impact angle requirement necessitates a bunt
maneuver of some kind. During the climb phase of the bunt, it will
be necessary to image the target to determine its exact location.
These data will be used to make final adjustments to the trajectory.
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The trajectory optimization problem has to incorporate several con-
straints including 1) the vehicle’s lateral acceleration capability,
2)the radarimaging constraints,3) the seekerlook angle constraints,
and 4) the ground clearance. These constraints specifically deter-
mine the height needed to obtain a prespecified impact angle and
the range required to perform a bunt maneuver.

Radar imaging guidance introduces an interesting control con-
straint because it requires an azimuth squint angle to enhance the
crossrange resolution of the radar image. These details are covered
in the Appendix. Unlike the other constraints, the radar imaging
constraints cannot be implemented directly as control or state con-
straints. The difficulties arise from the offset requirements associ-
ated with the radar coming into conflict with the terminal constraints.
One cannot simultaneously maintain a crossrange offset throughout
the flight because the missile must commence terminal homing at
some range-to-go.

II. Model

The system equations were derived for a symmetric skid-to-turn
missile, which is assumed to be roll controlled. The model assumes
that controllers for both the pitch and the yaw autopilots have been
implemented and that the closed-loop autopilot/airframe character-
isticscan be representedby quadraticresponses. This is a reasonable
approximation for the closed-loop missile dynamics if higher fre-
quency effects such as actuator dynamics and nonminimum phase
effectscan be neglectedas shown in Ref. 20. Euler angles are usedin
the body-to-spacetransform; this means that zero impactanglescan-
notbe achieveddue to singularities. However, small nonzeroimpact
angles can be specified and achieved without difficulty. Additional
assumptions are as follows:

1) The missile is roll stabilized so that the roll angle is small
enough to be neglected.

2) The antenna and sightline frames are coincident, that is, the
seeker is pointing at the target throughout the flight. It is assumed
that the target coordinatesare known in advance and that the seeker
is stabilized against body motion coupling effects.

3) The sightline and antenna frame do not roll.

4) The targetis stationary.

5) Modeling errors and exogenous disturbances are neglected.

6) The terrain is flat and level.

7) The engine thrust is constant.

8) A zero incidence drag term is used to calculate the drag force.

9) The targethas beenacquiredand recognizedbefore the terminal
guidance phase.

On the basis of these assumptions, the system equations can be
written in state-space form as

R, =V, (1)
R, =V, )
R.=V, 3)

V.fx = COS(G) COS(W)(Amx) - SIH(w)(Amx) - Sll'l(g) COS(W)(AWI:)

)
Viy = cos(0) sin(¥) (Apr) + cos(¥)(Apy) — sin(0) sin(y)(A,-)

5)

Vi: = sin(0)(A,) + cos(0) (A, 6)

Apy = =200 (Ay) = 07 (Apy) + & (Apya) (7)

Am: = _zgw(Am:) - wZ(Am:) + wZ(Am:d) - ng COS(G) (8)

Table 1 Missile initial conditions

Parameter Value
R;;(0), m 0
R;y(0), m 0
R;:(0), m 30
Vi (0), ms™! 306
Vyy(0), ms™! 0
V2(0), ms™! 0
Ay (0), ms™2 0
Apz(0), ms™? 0
Ay (0), ms™3 0
Apz(0), ms™3 0
0(0), deg 0
¥ (0), deg 0
y(0), deg 0
x(0), deg 0
. A+ T(A,:
g=—"" (An:) 9)
\%
. A, +Ti(A,,) (10)
V cos(6)
V=yvaHvieve an
T V2sC
Ape = =25 _ g sin() — £2——%0 (12)
m 2m
P =ao+alR.f:+02ng (13)

V.

y = sinl(7> (14)
Vi,

X = tan‘(V{;) (15)

The air density variation with altitude is modeled by a second-
order polynomial and is based on the atmosphere model providedin
Ref. 21. The missile drag is approximatedby using a zero incidence
drag term. The following parameters are deemed to be represen-
tative of a conventional closed-loop autopilot design at a nominal
flight condition:

w=10rads™', =07, T.=05s (16)
m = 500kg, Trnax = 2500 N
Cq0 = 0.3, S =0.132m? 17)
ay = 1.224, a; = —1.142 x 1074, a, =3.312x 107°
(18)
|Ayds Apzal < 80 ms™ (19)

The two controls are the normal acceleration demands, A,,,, and
A,,.4. The missileinitial conditions are shown in Table 1. The initial
conditions describe a missile with an initial height of 30 m above
the ground and a longitudinal speed of 306 ms~! (Mach 0.9 at sea
level). The missile is assumed to be flying straight and level.

A number of performance measures will be used to quantify the
optimal trajectories. When R, (T'), R, (T), and R,.(T) are denoted
as the terminal downrange and altitude calculated by the optimizer
as opposed to R, (t,), R,,(t;), and R,.(f;), which is the desired
terminal position, the total miss distance is

total miss = \/[Rm(T) - R.fx(tf)]2 + [R)\(T) - R.fy(tf)]2 + [R):(T) - R.)‘:’(tf)]2 (20)
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Fig.1 Bunt maneuver definitions.

This is the miss distance computed when the integration algorithm
stops and not the point of closest approach. The impact angle is
defined as the trajectoryslopeat the final time and can be determined
either from the space componentsof the velocity vector or the flight-
path angle:

I'=90—|y(T)l 21

The exposure time is defined as the difference between the time
the missile crosses a certain threshold height, for example, 100 m,
denoted as 7, and the final time T calculated by the optimizer. The
threshold height is assumed to be the height at which the missile
becomes exposed to air defense systems and is otherwise arbitrary.
This is shown in two dimensions in Fig. 1. The exposure time is,
therefore,

texp =T — 1, (22)

The bunt range is calculated as the difference between the terminal
ground plane coordinatesand the ground plane coordinates at which
the missile crosses the exposure height threshold. When the latter
is denoted by R, (#,) and R;, (#,), the bunt range is

R, = /IRy (t;) — Ry (t,) 2+ [Ryy (1) — Ry ()]>  (23)

The distance-to-go coordinates are given by

X = R.)‘X (t) - R.)‘X (tf) (24’)
y= R.fy(t) - R.fy(tf) (25)
z=R.(t;) — R.(1) (26)

The range to the target is, therefore,

R=+x24+y2+ 22 27

and the pitch and yaw sightline angles are defined as
L. =sin"'(z/R) (28)
Ay = tan”' (y/x) (29)
The calculation of the seeker look angles can be shown to be
W= s(y)s (W) + ()] (30)
0 =—c"' [s(A)e(hy)s(@)e() + s(Ay)s(X)s(0)s ()
+c(h)e®)] €)Y
where we denoted cos() by ¢(), sin() by s(), cos™'() by ¢~!()
and sin"'() by s~'(). Similarly, the angles between the sight-

line and velocity vector in azimuth and elevation can be shown
to be

E = s(y)s(x) + cry)e(x)] (32)

A = —c ' [s(h)eOy)s (e () + s(Ay)s(h)s(v)s (x)
+c(h)e()] (33)

The time for the terminal guidance run is defined as the time-to-go
when therangeto the targetis less than2 km. This is the time/range at
which the radar imaging data would facilitate a reversion to another
guidance method because it is not possible to image and home in
on the target at very short ranges.

III. Optimal Control Formulation

Attention is now turned to the way in which the DBS and bunt
requirements are formulated as an optimal control problem. The
detailed choice of the cost function and the problem scaling fac-
tors have a major influence on the solution. To achieve adequate
crossrange resolution from DBS radar imaging, a minimum value
of angle in azimuth has to be maintained between the missile ve-
locity vector and the sightline vector from the missile to the target.
Some means of translating this into a form suitable for optimization
is required. The generation of optimal trajectories can be envisaged
as a multi-objectiveoptimization problem in which some of the ob-
jectives, for example, miss distance, take precedence over others.
The problem needs to be carefully formulated and scaled to en-
sure that the optimal controls take account of all of the (conflicting)
problem requirements, some of which are 1) the minimization of
the miss distance, 2) the minimization of the exposure time, 3) the
minimization of the maximum height, 4) the minimization of the
impact angle, 5) the maintenance of a sufficient angular offset for
radarimaging purposes, 6) keeping the targetin view throughoutthe
bunt maneuver (seeker look angle constraint), 7) the maintenance
of adequate ground clearance during terrain following, 8) ensuring
that none of the missile’s physical limits are exceeded during the
bunt maneuver, and 9) smooth controls for both autopilots that are
easy to implement.

Many of the tradeoffs are scenario dependent. For instance, the
requirement of steep impact angles may be less important for soft
targetsin which case the exposuretime could be reduced. In the case
of systems using GPS, it is possible that the elevation look angle
constraint can be relaxed because it may be possible for the target
to move out of view for a fraction of the flight. These tradeoffs are
essentially balanced by the scaling factors introducedin the optimal
control formulation. It is generally difficult to determine whether a
set of terminal conditionsis feasible, given the physical constraints,
for example, g-capability and look angle limits. The approach taken
hereis to specify arelaxed set of requirements and use this as a basis
for approaching more stringent performance specifications. When
issues of robustness are considered, it may well be preferable to
sacrifice some performance by using a relaxed formulation. The
crossrange resolution obtained using DBS processing (Appendix)
can be shown to be

R
A= -
2V (8t) sin(E) cos(A)

Note that the crossrange resolution is inversely proportional to the
azimuth squint angle E. For optimization purposes the following
approximation was used for the crossrange resolution:

(34)
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ATy

2V (51)y (33)

because it is better behaved numerically than the true expression
(34). The difficulty with Eq. (34) stems from that E and A are com-
plicated functions of the body attitude and the sightline angles, and
this can resultin numerical difficulties when E is small or A is near
90 deg. With the crossrange resolution and model equations speci-
fied, the optimal control problem is now formulated. To control the
missile height and crossrange position, the following performance
index was investigated:

.
J= / [(R,. —20)* + ®(R,,)*] dr (36)
0

The first term effectively penalizes altitude deviations from a refer-
ence datum of 20 m; the weighting factor ® is constant. The second
term penalizes substantial deviations in crossrange and is used to
“encourage” a large crossrange offset. In summary, minimizing the
cost functionreduces exposure to air defense units (ADUs), through
the first term, whereas the second term maintains a high DBS cross-
range resolution. In reality, this is somewhat simplistic because de-
tection would be dependenton other factors such as the aspectangle,
range to an ADU, and the radar cross section of the missile. We will
disregard these issues here. The following terminal equality con-
straints are also prescribed:

R, (t7) = 15,000 37)
R, (1) = 5000 (38)
R..(t;) =20 (39)
y(ty) = —69 (40)
(t;) = —69 (41)

These constraints specity the terminal position coordinates and the
elevation angles at impact. These values are based on estimates
of the terminal guidance phase of a typical mission, which would
start at 15-20 km from the target. It is more difficult to estimate
the crossrange offset: we choose a 5-km offset for this problem
becausethis value, from the initial geometry, does not transgressany
azimuthlook angle constraints.It also resultsin an initial crossrange
resolution of less than 2.5 m, for realistic values (0.3-0.5 s) of the
seeker coherentintegrationperiod §¢, which should be sufficient for
target acquisition and recognition (assumption 9 in Sec. II). Other
crossrange offsets can be imposed without difficulty. In the most
extreme case, there would be no offset, and the missile may have to
move away from the targetin the azimuth plane, while not violating
any seeker look angle constraints. This would enable the seeker to
form a high-resolutionimage of the terrain, before homing in, butis
potentially a more difficult problem because the initial crossrange
resolution may be poor. Because the flight path and body attitude
at impact are required to be the same value effectively minimizes
any incidence at impact. All of those mentioned are hard constraints
andrequireaccuratecontrols.State constraintson the seekerazimuth
and elevationlook angles are also specified. The antennais typically
gimballed so these constraints are necessary to prevent the antenna
servo from operating at its limit and to keep the target within the
seeker field of view:

() = —40, Vtel0,T] (42)

W (1) <40, Vtel0,T] 43)
Note that the elevationlook angle is negative as the missile is above
the target. During the descent phase of the bunt maneuver, the el-
evation look angle steadily decreases to zero, as the sightline and
body axes become aligned. Similarly, from the initial geometry, the
azimuth look angle is positive and should remain positive, with a
gradual reduction to zero near the impact point. Simulations con-
firmed that, at this stage, these constraints need only to be imposed

in one direction. A ground clearance constraintis required that pre-
vents a collision between the missile and the ground terrain. We
used

R,.(t) > 10, Vtel0,T] (44)
Because the target aim offpointis 20 m above the ground, the state
constraint(44)is not in conflict with the terminal z position require-
ment (39). The case where the target is at ground level can also be
accommodated, but it requires a slightly more complicated func-
tion for the state constraint, for example, a function that is offset
by 10 m and decreases rapidly near the terminal downrange. There
may be advantages in selecting an aim-off point above the target
and switching to a closed-loop guidance law during the final few
seconds of flight.

The DBS imaging requirements are for high-resolutionimaging
up to the terminal guidance run. This facilitates the accurate selec-
tion of an aim pointon the target at the point of handover. Note that
large crossrange offsets do not always provide good crossrangeres-
olution. This follows from that the missile’s velocity and the sight-
line vectors can be closely aligned even if there is a large crossrange
offset. With this in mind, the DBS constraints were enforced via
an additional state constraint that makes use of the approximate
crossrange resolution expression. We choose a suitable function, in
this case an exponential, which specifies the minimum crossrange
resolution as a continuous function of the crossrange co-ordinate.
The DBS constraints are then handled by this one additional state
constraint. Our choice of functionis as follows:

f@) =0.14+2.6exp(—R,,/a), a = 800 (45)
The value of the parameter a controls the tradeoff between high-
resolution imaging and the bunt characteristic: A low value of a
emphasizes imaging. In contrast, a high value of a will put less
emphasis on imaging, and the trajectory in the azimuth plane will
be similar to that associated with PN. The imaging constraint is,
therefore,
A — f(t) 0.0, Vtel0,T] (46)
A. Choice of Initial Controls and Final Time

The optimal control problem can be recast as a nonlinear pro-
gramming problem by parameterizing the controls and discretizing
time. To facilitate rapid convergence, we also require sensible esti-
mates for the final time and the initial controls. The choice of the
first control (for the pitch autopilot) is straightforwardand is chosen
as the control that results in straightand level flight. Because gravity
is included, we have

A1) =9.81, Vtel[0,T] 47)
The second control (for the yaw autopilot) and the final time are de-
pendenton the range to the target. Based on the initial geometry and
initial missile speed, we can calculate the following underestimate

for the final time:
- v/ 15,000% 4+ 50007 _

2 4
306 > (“8)

because the bunt maneuver will increase the total flight time and
full thrust is assumed. In fact, for the initial speed of 306 ms™!,
the thrust and drag tend to cancel one another so that a constant
speed approximationis not an unreasonableone. We used this value
as the initial estimate of the final time. Finally, it is necessary to
provide an estimate for the initial yaw control, given that there is
a large (5-km) crossrange offset. From elementary mechanics, the
crossrange offset can be written

y = %AmydT2 (49)

When the values for the final time and the crossrange offset are
substituted, and rounded up,

A,y (t) = 4.0, Vtel0,T] (50)
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Table 2 Scaling factors

Constraint Scaling factor
Terminal x position 1.0
Terminal y position 1.0
Terminal z position 1.0
Terminal body attitude 100.0
Terminal flight-path angle 100.0
Ground clearance state constraint 1.0
DBS imaging state constraint 100.0
Seeker look angle constraints 1000.0
Cost function 1077

The choice of initial controls and final time takes the missile close
to the terminal position on the first iteration, but neither the imaging
requirement nor the impact angle requirements are satisfied.

B. Scaling Factors

To balance the conflicting requirements in the constrained op-
timal control problem, it is usually necessary to introduce some
scaling. The initial choice of controls, that is, A,,,, =4 ms~2 and
A,-a =9.81 ms™2, ensure that the constraint violations in each of
the three terminal position variables will be of roughly equal order.
The choice of initial controls will also cause the missile to hold its
initial height. For these reasons, the weightings on the three termi-
nal position constraints were chosen equal. By the same token, the
ground clearance state constraint was given a unity weight. The re-
maining quantities, some of which are angles expressed in radians,
require increased emphasis. The multipliers shown in Table 2 were
found by trial and worked well in the examples.

C. Method of Solution

The common numerical techniques for solving an optimal con-
trol problemare the so-calleddirect and indirecttechniques.Indirect
techniques are known to be highly accurate but require substantial
preanalysis and may be difficult to apply to complex problems.
In this study, a direct method was used. Direct methods discretize
time, the states, and the controls and use some functional approx-
imation for the control variables, for example, piecewise constant
functions or splines. In this way, the original problem can be recast
as a nonlinear programming problem. Full discretization involves
parameterizing both the states and controls by using a collocation
scheme, and the associated state and control parameters are treated
as unknowns in the nonlinear programming problem. An alterna-
tive method (sometimes called direct shooting), which results in a
smaller sized problem, is to determine the states recursively using a
higher-order integration scheme and to search in the control space
for a solution. Both methods resultin a finite dimensional nonlinear
programming problem, although full discretization will result in a
large sparse problem, necessitating the use of sparse matrix meth-
ods. Solutionscan be obtainedby applyinga nonlinearprogramming
algorithm such as sequential quadratic programming.

In this study, the direct shooting method was employed, and the
controls are parameterized using piecewise constant functions. For
example, the pitch control is represented as

N
Am:tl(t) = Z Di (t)Am:d,' )

i=1

veel0,T], i=1,2,...,N

(51)

in which the A,,., are constantsand p;(#)=1.0,% <t <t ,,and
0 elsewhere.Each ¢; is givenby i 7T /N. A similar parameterizationis
appliedfor the yaw control. The states are determined using a Radau
ITA integration algorithm for differential-algebraic systems. (See
Ref. 19 for further details.) Gradients are determined by the back-
ward integration of an adjoint system of equations. The values of
A,.-q; are then adjusted at eachiteration using a sequential quadratic
programming algorithm to minimize the cost function and satisfy
the constraints.In this study, the computationswere performed using
double-precisionarithmetic on a Sun SPARC workstation. Table 3
shows the values that were used for the convergence criteria, the
integration tolerances, and the number of discretizationintervals.

Table3 Optimization parameters

Parameter Value
Number of intervals for each control 400

Integration absolute tolerance 1073
Integration relative tolerance 1073
Convergence criteria 1073

This means that, for any solution, all of the constraints are satis-
fied with a toleranceof 107> As explainedin Ref. 19, approximation
errors can be eliminated by reducing the integration tolerances and
rerunning the optimization algorithm with the converged control as
the initial guess. (This is similar to grid refinement techniques.) For
the results in this study, this refinement step was not carried out be-
cause the solutions obtained were already thought to be sufficiently
accurate for our purposes.

IV. Results

Results are given for two test cases with different impact angles.
These studies will serve to reenforce the use of optimal control
ideas in this type of work, as well as illustrate the sensitivity of the
solution to the impact angle specification. In the same way, other
performance parameters such as the bunt range and the maximum
height can also be examined in conjunction with the DBS imaging
requirements. We assume the following value for the K-band radar
wavelength:

A =0.0085 (52)

The following range of values are assumed for the seeker coherent
integration period:

03<6t<05 (53)

Three discrete values of integration period will be considered
(0.3, 0.4, and 0.5 s), and the results compare the effect of vary-
ing this parameter. A larger value of §f corresponds to an increased
synthetic diameter with a correspondingimprovementin crossrange
resolution. As explained in the Appendix, it is impossible to per-
form DBS imaging on the target throughoutthe engagement, and so
a final guidance phase must be used to home in on the target when
the crossrange resolution degrades. For these reasons, we assume
that at a certainrange from the target (approximately 2 km) the mis-
sile switches from DBS mode to a conventional guidance method
because beyond this range there is an increased level of conflict be-
tween imaging and terminal guidance. A high-resolutionimage of
the target near this range will be required. Our results will confirm
that a range of 2 km is sufficient for adequate crossrange resolution,
without compromising the terminal guidance requirements of small
miss distances and terminal angle constraints.

In the first case, we specify a terminal impact angle of 21 deg.
This is sufficient for some targets, and we will refer to it as the nom-
inal case. The constraints and cost function are those described in
Sec. I1I. Figure 2 shows the optimal trajectory in three dimensions,
as well as its projection onto the ground plane. This shows that the
missile follows a ground-huggingtrajectory for over 10 km before
the commencement of the bunt maneuver, which begins at approx-
imately 10 km downrange and 1.7 km crossrange. The crossrange,
altitude, and optimal controls are shown in Fig. 3. In each case, these
quantitiesare expressedas functionsof the downrange. The azimuth
angle between the velocity and sightline as well as the crossrange
resolution, for three values of DBS integration period, are shown in
Fig. 4 as a function of the range-to-go.

In the second case, the impact angle is changed to examine the
sensitivity of the solution to a more demanding specification in this
terminal performance parameter. As explained in the Introduction,
we would expect there to be some conflict between achieving a
small impact angle, while performing high-resolutionimaging. The
following constraints are modified (as compared with case A):

y(t;) =85 (54)

0(t;) = -85 (55)
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The other constraints remain unchanged. It can be seen from the
three-dimensional plot of the trajectory in Fig. 5 that the terrain-
following phase occupies the first 10 km of downrange and that
the bunt maneuver begins immediately thereafter. In this case, the
peak heightincreasesto just over 1300 m. The state trajectories and
controls are shown in Fig. 6. The overall performance for the two
test cases is shown in Table 4.

Table 4 shows that in both cases all of the terminal constraintsare
satisfied with no state constraint violations. Figures 3 and 6 show
that the pitch control maintains its 9.81-ms~? upward acceleration
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impact angle requires around 160 m of extra height, an increase
in flight time, and a slight increase in exposure time. The seeker
elevation look angle is increased by around 6-39 deg, and the max-
imum acceleration demand for the pitch autopilot is increased by
approximately 12.75 ms~2. The increase in the bunt height reduces
the impact speed by approximately 8 ms~'. Althougha lower speed

Table 4 Performance for both test cases

demand for straight and level flight until the bunt range is reached. Performance measure Case A Case B
At this point, followmg a brief d1p the pitch accell.eratlor;ldemﬁnd Miss distance, m 1.08 x 10-5 4.59 x 10-6
increases, thereby fqrcmg the missile into a §teep climb. There then Time for terminal guidance run, s 739 7.89
follows a decrease in the normal acceleratl.on demand to turn the Maximum height, m 1168 1327
missile over at the apogee and accelerate it onto the target. The Exposure time, s 21.0 21.89
maximum negative acceleration demand is required near the final Bunt range, m 5184 5073
time. The pitch control experiences a return to near zero demand Impact angle, deg 21.0 5.0
at the final time to “wash out” any pitch plane incidence. In the Incidence at impact, deg 0.0 0.0
azimuth plane very little yaw control is used in the first 10 km of ma"Tm“m aIZ‘m“Fh I?Okka“gl? dgg 3234572 3294393
downrange. There then follows a gradual increase to a maximum aximum efevation look angle, deg " :
5. . . Maximum g (pitch) 3.56/-5.47 3.79/-6.77
valueof (23.94ms™* incase A comparedwith 24.53 ms™ in case B). Maximum g (yaw) 2.44/-0.03 2.50/-0.15
This is used to align the velocity and sightline vectors in azimuth to Impact speed, ms—! " 305 T 97
satisfy terminal position requirements. The controls are relatively Final time. s 56.68 57.96
smooth for both test cases. For case B, the 16-deg tightening in the
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Table 5 Crossrange resolution (meters) at 2 km
for various DBS integration periods

Case §t=0.3s §t=04s §t=0.5s
A 0.61 0.46 0.36
B 0.70 0.53 0.42

during the bunt increases vulnerability, this speed reduction can be
used to increase the rate of turn [see Eq. (9)].

The azimuth angle between the velocity and sightline and the
crossrangeresolution (for various DBS integrationperiods) are plot-
ted against range-to-go in Figs. 4 and 7. It can be seen from these
diagrams that the angle between the sightline and velocity vector
in azimuth has a maximum at approximately 4-km range-to-go for
both test cases, before decreasing to approximately 10 deg at 2-km
range-to-go.Each choice of integration period has a minima for the
crossrange resolution at roughly 3-km range-to-go. As explained
in the Appendix, this is a necessary consequence of the terminal
constraints. To home in on the target, the velocity and sightline
vectors must become aligned at some range-to-go. As the angular
offset in azimuth reduces, the crossrange resolution will increase.
The velocity vector and sightline vector in azimuth become aligned
approximately 600 m from the target. This is not shown in any of
the figures due to the singularity at this point. The crossrange reso-
lution starts to increase rapidly at a range of around 1.5 km as this
singularity is approached. The final time is increased by roughly
6.0 s from our initial guess, and further simulations show this in-
crease is principally due to the DBS imaging requirement, rather
than the bunt maneuver. In other words, the need to maintain a large
crossrange offset increases the flight time. In terms of the imag-
ing requirements at 2-km range, the crossrange resolution for both
the test cases is stated in Table 5 for various values of the DBS
integration period. For case A at 2-km range-to-go, the crossrange
resolutionis 0.61 m for the integration period of 0.3 s, improving to
0.36 m for an integrationperiod of 0.5 s. For case B, there is a slight
degradation in crossrange resolution as a function of range-to-go;
this is due to the increase in the maximum height. The degradation
is more marked for the smaller integration period of 0.3 s. Ideally,
the crossrange resolution would be sufficient at 2 km for aim-point
selection, although this is dependent on factors outside of trajec-
tory control. The lower integration period of 0.3 s may require DBS
imaging to a shorter range than 2 km in both test cases, which may
run into conflict with the terminal guidancerequirements. Similarly,
for case B, the crossrange resolution for the integration period of
0.4 s may need to be improved. This could be done by tightening
the radar imaging specifications further in the optimization process.
Again, this is likely to impinge on the constraints in the elevation

plane. We would expectthe exposuretime to be increased (inasmuch
as an azimuth offset may need to be maintained for a longer period)
and the bunt trajectory to be altered. Given that the maximum accel-
eration used is well within the limits imposed, further performance
improvements may be possible. It is somewhat surprising that more
control effortis not used in the azimuth plane where a large acceler-
ation correctionmay be needed to home in on the target; this appears
to be because the azimuth angle between the velocity and sightline
is gradually reduced to zero to hit the target, with a resultant smooth
control action.

In summary, the bunt maneuver with the tighter performance
specification associated with case B is achievable without a sig-
nificant degradation in exposure time. With that said, the physical
constraints on the missile hardware are significantly increased with
1 g of extra pitching capability, as well as an increased seeker ele-
vation look angle. When disturbances and modeling errors are con-
sidered, these hardware specifications may well escalate further. In
terms of imaging, seekercoherentintegrationperiodsof 0.5and 0.4 s
would be acceptable for both cases because both of these integra-
tion periods are able to achieve acceptable crossrange resolution at
arange of 2-3 km. For the lowest value of seeker integration period
(0.3 s), further optimization may be requiredto achieve lower values
of crossrange resolution, requiring a more aggressive trajectory in
the azimuth plane.

V. Conclusions

The paper addresses the problem of calculating optimal controls
for a missile with a radar imaging seeker using DBS. The problem
requirementsare translated into an optimal control problem that can
then be solved using numerical optimization. Optimal controls were
sought that balance the problem tradeoffs including low exposure
times, steep impact angles, and high-resolution imaging. By ap-
plying a trajectory optimization method, we were able to calculate
trajectoriesthat allowed a high-resolutionradar image to be formed,
thereby enabling target detection, recognition, and aim-point selec-
tion. Various values of the seeker coherent integration period were
examined to determine the sensitivity of the imaging capability to
this parameter. Two test cases were examined with differentimpact
angle requirements. When the two cases are compared, it can be
seen that the optimal controls exhibit a predictable structure: the
pitch control builds to a peak positive acceleration demand that is
followed by the gradual use of a negative acceleration demand that
turns the missile at the apogee. A return to zero control at the final
time is necessary to minimize the incidence at impact. The yaw ac-
celeration demand requires less control effort (under 3 g) by virtue
of the problem geometry. With that said, it is conceivable that an
increase in maximum lateral control effort could be used to improve
further the crossrange resolution, thereby producing a sharper turn



FAROOQ AND LIMEBEER

in the azimuth plane. Seeker coherentintegration periods of 0.4 and
0.5 s are acceptablein terms of achievinghigh crossrangeresolution
atranges of 2-3 km for target aim-point selection. The results show
that steeper impact angles compromise the crossrange resolution,
as well as requiring an increase in the maximum height, the maxi-
mum elevationlook angle, and the total flight time. Despite this, the
solutions obtained achieve an acceptable compromise between the
variousperformancespecificationssuch as high-resolutionimaging,
low exposure times, and low impact angles without transgressing
any realistic physical limits. In a practical situation it is advisableto
leave some “slack” in the in-flight constraints and some additional
control authority as noise and modeling errors must be accommo-

dated.

Appendix: DBS Equations

DBS is a form of synthetic aperture radar that can be used to ob-
tain high crossrange resolution. The equations needed to represent
the DBS conceptused for radar imaging are detailed in this section.
A more detaileddescriptionof syntheticaperture radar and the asso-
ciated radar signal processing may be found in Ref. 22 (Chapter 7),
Ref. 23 (pp. 616-652), and Ref. 24. We derive the relevant DBS
equationsto use in the optimal control formulationusing basic radar
principles and the problem geometry. Difficulties inherent in DBS
radars such as motion compensation, speckle, signal processing,
and target detection and recognition are not considered in this pa-
per. Some of these details can be appended at a later stage, but the
main purposeis to consider the geometrical constraints DBS radars
impose on the trajectory optimization problem and the way in which
these constraints interact with the overall terminal guidance prob-
lem. This can be used as a benchmark for a more detailed analysis.
Consider the scenario shown in Fig. A1, where a missile using

a radar imaging seeker is flying at a fixed height above the ground
with the antenna beam illuminating an area on the ground. The
downrange resolutionis determined by the transmitter pulse width.
Narrow pulses, or longer pulses that use pulse compression tech-
niques, result in fine downrange resolutions. For high crossrange
resolution, a large antenna diameter can be synthesized by stor-
ing and processing pulses over an appropriate length of the flight
path. The processing requires amplitude and phase information to
be stored from each scatterer to form a radar image of the ground
area, which can be used to form a narrow syntheticbeam. During the
seeker coherentintegration period, pulse returns within a range bin
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can be resolved into a number of Doppler frequencies (because they
have different Doppler shifts). This enables a high-resolutionimage
of the ground area to be formed. For terminal guidance purposes,
finer resolution cells are required as the engagement proceeds for
target detection, recognition and aim-point selection. The limiting
factoris the crossrangeresolution, which can be improved by flying
an appropriate trajectory. Our analysis assumes a focused system,
in which the radar returns from the scatterers are phase corrected
for coherence.

The main factors impacting on the generation of appropriate tra-
jectories have been discussed earlier. Note that imaging the target
using DBS is not permissible for the whole of the terminal engage-
ment, and some means of homing in on the target at short ranges
is required. This issue is not addressed in this paper. The derivation
of the DBS equations makes use of some basic radar formulas. The
Doppler shift from a point on the ground is given as

where R is a unit vector aligned with the sightline axis and v is a
vector aligned with a wind axes set. When the appropriate elements
from the transformation matrices are used, the velocity vector and
the unit sightline vector can be written in terms of space-orientated
unit vectors i, j, and k as

v=Vcly)c()i+cy)s(x)j+sykl (A2)
R =cQ))cOo)i+cOhy)s(h)j— sk (A3)

The vector dot productcan be written as
v-R = |v[|R| cos(£2) (Ad)

where 2 is the total angle between the velocity vector and the sight-
line vector. Hence,

v-R = Vcos(Q) (A5)

Q = c '[e)e(y)er)e(x) +c(r)s(Oe(y)s (o) = s(r)s(hy)]
(A6)

fo =2V cos(Q)/x (A7)
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Fig. A2 DBS terminal guidance.

The total angle between the velocity vector and the sightline vector
can be expressed as

cos(2) = cos(E) cos(A) (A8)

Now consider two points on the ground, A and B, for example, that
need to be resolved in Doppler. Because the range to these points is
differentand the missile is travelingat velocity V, the Doppler shift
at these points will be

fpa =2V cos(E)cos(A)/r (A9)
fps =2V cos(E + §E) cos(A) /A (A10)
Subtracting the Doppler difference gives
Afp = {2V cos(A)[cos(E) — cos(E) cos(E)
+ sin(E) sin(8 €)1} /A (A11)
Afp =~ 2V cos(A) sin(E)SE/A, for small§ E (A12)

The Doppler resolution in crossrangeis given by

1/8t = 2V[cos(A)sin(E)SE]/A (A13)
Rearranging yields
88 = A/2(V)(81) sin(E) cos(A) (A14)

The crossrange resolution A is the product of the range R and the
incrementin azimuthangle betweenthe velocity vectorand sightline
vector:

RA

A =R(@E) = 2V (8t) sin(E) cos(A)

(A15)

In terms of the terminal guidance problem, it can be seen that the
crossrangeresolutionis inversely proportional to the azimuth angle
between the velocity vector and sightline, E. Note that the angle E
will approach zero as the velocity and sightline vectors become
aligned.

Now assume that the target has been acquired before the termi-
nal guidance phase. This is shown in Fig. A2; it is assumed the
target lies at ground level. Four frames of reference are shown in
Fig. A2: 1) Earth-fixed frame (X, Y, Zs), 2) missile body frame

(X3, Yp, Zp),3) missileinertial frame (X, Y;, Z;), and4) sightline
frame (X 4, Y4, Z4).

Itis assumed that the missile inertial frame and Earth-fixed frame
are aligned with one another. We considerthe engagementin the az-
imuth plane only to derive a simplified expressionfor the crossrange
resolution. The simplified expressionis used purely for optimization
purposes;needlessto say, in the figures where crossrangeresolution
is displayed, the correct expression (A15) is used. The simplified
expressionis exact for flight parallel to the x axis and zero elevation
angle between the velocity vector and sightline, that is, an azimuth
plane engagement with flight along the x axis. If we consider a
planar engagement in the azimuth plane only, Eq. (A15) simplifies

to
_ vty (A16)
2V (8t) sin(E)
Now
=4 —x (A17)
sin(A, — x) = sin(&,) cos(x) — cos(r,) sin(x)  (AI8)
From Fig. A2,
sin(A,) = y/v/x2 + 2 (A19)
cos(ry) = x/\/m (A20)
cos(x) = Vi, /V cos(y) (A21)
sin(x) = V;,/V cos(y) (A22)
Substituting gives
A2+ y?
S RCERE (A2
For small x, the following approximations are valid:
VaV,, V,y, 0.0 (A24)
Hence, the crossrange resolution simplifies to
A+ y?
B 2(V<at><yy>) (A2)
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